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Modal Attenuation in Multilayered
Coated Wavegmdes

RI-CHEE CHOU, MEMBER, IEEE, AND SHUNG-WU LEE, FELLOW, IEEE

Abstract — Propagation and attenuation constants of low-order normal
modes in a circular waveguide lined with lossy coating layers are calculated
using a generalized dispersion equation. It is found that the use of
multilayered coating can significantly enhance modal attenuations over a
broader frequency range compared to that for a single-layer coated struc-
ture. For a cylinder with radius a = 2A, the attenuation constants for the
dominant modes. are shown to increase by 20 dB per a by adding a lossless
padding layer to a lossy magnetic coating. Appllcatlon of this result in
radar cross section (RCS) reduction is also discussed.

I.  INTRODUCTION

HIS PAPER studies rnultllayered coating .on a cir-
culai cylindrical waveguide. By lmmg the interior wall
- of a waveguide, the modal fields in the waveguide are

~ altered in order to achieve either more or less attenuation

for certain modes. In radar cross section (RCS) applica-
tions, a high attenuation rate for the dominant modes is

desirable whereas in other applications [1]-[7] smaller at-

tenuation rates are desirable. ‘

Our particular application of interest is the reduction of
the RCS of a circular waveguide terminated by a perfect
electrical conducting (PEC) end plate. Pathak and Altintas
[8] showed that the interior irradiation contribution to the
RCS of a shorted waveguide is due mainly to a few
low-order normal modes. By attenuating low-order modes,
a lossy lining layer serves as a mode suppressor, which
then reduces the RCS of the cavity. Lee et al. [9] studied
the normal mode behavior foi a circular waveguide lined
with a single layer of coating. It wés shown that at low
frequencies (a/A ~1, where a = radius of the cylinder;
A = the free-space wavelength) for a slightly lossy coating
layer, the low-order modes can be highly attenuated with a
single thin layer of coating. As the frequency increases,
however, the attenuation constants of most of the low-order
modes become small and decrease as a function of A2/a’.
Thus, RCS reduction can be achieved only over a fairly
narrow frequency range with a single layer of coating. This
paper studies the propagation/attenuation constants of
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Flg 1. A coated circular waveguide

the low-order modes in a waveguide lined with multiple
layers of coating. By using two or more layers of coating
material, the fields inside the Wavegulde can be more easily
manipulated 'to achieve a greater region of attenuation.
With multilayered coating, it is possible to achieve larger
attenuation constants over a broader frequency range than
with a single layer of coating.

Past studies of coated waveguides have included such
methods as perturbation theory [2],[31,[5], transmission-line
niodel [1]-{4], and asymptotic theory [6]. These methods
often require simplifying assumptions that are too restric-
tive, such as that the coating material must be nearly
lossless [2]-[4] or very lossy [6]. This treatment will apply
the more general method of solving the modal characteris-
tic equation exactly by a nurnerical method. This is feasi-
ble because of the fast computational speed of modern
computers and the availability of efficient subroutines for
computing Bessel functions with complex arguments.

In Section I an overview of the modal fields in a coated
circular Wavegulde is given. The mathematical formulation
for the exact characteristic equation of the normal modes
for a circular waveguide with multiple layers of internal

‘coating is presented in Section IIl. The conventional

method involves setting the determinant of a 4n X4n
matrix equal to 0, where n is the number of coating layers.
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Fig. 2. Exaggerated cross-sectional view of multilayered coated waveguide.

The propagation constants of the normal modes are the
solutions of the characteristic equation. As the number of
layers increases, this method becomes cumbersome due to
the large size of the matrices involved. In addition, the
characteristic equation, a transcendental equation involv-
ing Bessel functions, must be solved numerically on a
computer. Different programs must be written for differ-
ent numbers of coating layers. A generalized method for
formulating the characteristic equation 1s presented which
involves only the manipulation of 4X4 matrices. This
method allows for a computer implementation which per-
mits any atbitrary number of coating layers. Numerical
results for the attenuation properties of the normal modes
of circular waveguides with single and multiple layers of
coating are presented in Section IV.

II. OvERVIEW OF MoDAL FI1ELDS IN A COATED
CIRCULAR WAVEGUIDE

A coated cylindrical waveguide is shown in Fig. 1. The
problem of interest is the propagation /attenuation proper-
“ties of the normal modes of such a structure. Fig. 2 shows
an exaggerated view of the coating layers for the sake of
illustrating the geometrical features of the guide. In the
application, the coating layers will be very thin relative to
the ‘diameter of the guide. The waveguide walls are as-
sumed to be perfectly conducting, and each coating layer is

assumed to be of uniform thickness. The axis of the
cylinder coincides with the z axis. Both the permittivity ¢,
and permeability p, of each coating layer are allowed to be
complex. The characteristic equation for the propagation
constant k, of the normal modes is derived from the
well-known method of seeking nontrivial solutions for the
coefficients of the field expressions of the equations ob-
tained by enforcing the continuity of the four tangential
fields, H,, E,, H,, E, at each interface between two coat-
ing layers, and between the innermost coating layer and
the inner region [10].

In an uncoated waveguide, the normal modes are either
TE,,, or TM,,, with respect to the longitudinal axis z. The
index m describes the azimuthal variation in the form of
sin m¢ or cos me. Here, the index n describes the order of
the eigenvalues of J,(k,a)=0 for TM and J(k,a)=0
for TE, where J,, is the Bessel function of order m. (Note
that variable » is also used to represent the number of
coating layers. The intended meaning of subsequent uses
of n should be clear from its context.) With the exception
of the m = 0 case, the normal modes are no longer pure TE
or TM when the waveguide is coated with dielectric or
magnetic material. The modes are commonly classified
into HE, , and EH,,, in such a way that in the limiting

mn mn

case of a vanishing thin coating [11]

HE,, —TE,, and EH,, —TM,,,. (1)

mn
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The modal fields for the waveguide are given by
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2
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The convention of exp[ j(wi — k,z)] is understood and
suppressed. Superscript 1 represents the inner region; su-
perscript # +1 represent the layer of coating on the con-
ducting wall; and superscript i represents the ith region,
where 2 < i < n. Subscripts p, ¢, and z indicate the radial,
angular, and propagation-directional components of the
fields, respectively. k, represents the radial wave vector in
region i, where k. + k2 =ep kg and ko=27/)\; w is the
angular frequency, J,, is the Bessel function; and N,
the Neumann function of order m. 4,, 4,, B}, B;, Bg,
Bj, ¢, and C, are the constants, which are determined by
the boundary conditions and normalization requirements.
Due to circular symmetry, there are two degenerate modes
for each angular mode index except for m = 0. One of the
two degenerate modes is arbitrarily chosen in the above
expressions.

III. CHARACTERISTIC EQUATION OF THE

NORMAL MODES

For the case of a single layer of coating, the characteris-
tic equation for the propagation constant k. of a normal
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mode is well known [10] and is given by

F(a)Ki(a) K,
K((a) k

P2

k,i F/(a)—e¢,

Fi(a)Ki(a) k,,
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where

K2+ k2= k2
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212
k,m o . - .
== FXa)|1-| -2 =0 (3) For a double layer of coating, the characteristic equation
(koa) 02 for the propagation constant ., of the modal fields is
given by the 8 X 8 matrix equation
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where a=r;, b=r,, and c=r;.

(4)

In general, for n layers of coating, the characteristic equation for k_ is given by a 4n X4n matrix equation. In
numerically solving the equation, the computer time required becomes cumbersome as the number of layers increases.
An efficient method for formulating the characteristic equation [12] for an arbitrary number of layers can be utilized
which involves only the manipulation of 4 X 4 matrices.

The boundary matching equations at each media interface can be written as 4 X4 matrix equations, At p=w
(boundary between region 1, center region, and region 2, innermost layer),

2
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At p=r, 2 <i<n-1 (boundary between region i and i +1),
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The boundary matching equations thus become » matrix or
equations for n layers of coating:
M, A=MC
M,4=M,B where
My,B=My,B M=M,M;' - MM,

MnnB = M(n+1)nC' (8)
M, refers to the matrix resulting from the tangential
fields in region a matched at boundary r,. 4 is then
related to C by
(9)

MyA=MMy' - MM, .., C

Because the last two columns of M, ,,, are zero vec-
tors, the last two columns of M will also be zero vectors.
Therefore, M will be in form

my; my, 0 0
my my 000
M=
my mp 000 (10)
my my, 000
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Equation (9) written out is then

K
—F(n) 0 0
€
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which can be rewritten as

A, Ay, and C,C, fully define the fields in the inner
region and outermost layer, respectively. The characteristic
equation for the propagation constant k, is then given by
the determinant of the 4 4 matrix M, set equal to zero,
where M, is the 4 X4 matrix in (12):

detM, =
_ o _
plFl(rl) 0 My T My
€1
2
0 M_plF1(r1) My T My
det !
, m 1
kplF(’H) —Fy(r) My T My
wr; €
k,m 1
_Fl(rl) kplFll(rl) =My My
wr; €
=0. (13)

To summarize, the boundary field matching equations
can be expressed in the form of the 4 X4 matrix equations
(5), (6), and (7). From these relations, the coefficients for
the fields in the center uncoated region can be shown to be
related to the coefficients in the outermost coating layer by
(9), which can be expressed as (12). Finally, for nontrivial
solutions of the modal fields, the 4 X4 matrix in (12) must
be singular. Thus, the characteristic equation for the prop-
agation constants of the normal modes is given by (13).

[ 2
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€
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A7 Moy

- (11)

117
—mp T My A,
Ty T My A4,
=0. (12)
My T My, G
Ty T My G,

All manipulations now involve only the inversion ahd
multiplication of 4 X4 matrices. Using this formulation, a
computer program to compute the propagation constant
k, for any arbitrary number of coating layers can be
written. The final expression (13), a complex transcenden-
tal equation, can be solved numerically using, for example,
Miiller’s method (available as an International Mathemati-
cal Statistical Libraries subroutine.)

IV. NUMERICAL RESULTS

The attenuation constant « of a normal mode in a
coated waveguide is related to the magnetic and electric
energies in the coated regions, |H|* and |E|?, by

ac [[Im|pPH2+ Im|e2|E2] v (14)
v
where the volume of integration is over the coated region
[10]. Because of the boundary condition of the PEC wave-
guide wall, the magnetic energy of an empty waveguide is
much larger than the electric energy near the surface. Since
the fields of the waveguide are not perturbed significantly
by a coating layer in the low-frequency region, a lossy and
magnetic coating material is effective in reducing the RCS
of a coated waveguide. Lee ef al. [13] theoretically predict-
ed and experimentally verified a 20 dBSM reduction for a
PEC-terminated waveguide (a /A = 0.98) lined with a lossy
magnetic coating material with a thickness of only 1.18
percent of the radius. As such, the numerical results pre-
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Neor Cutoff

(b)

Fig. 3. Transverse field distributions of the normal modes in (a) empty
waveguide, (b) dielectric coated waveguide (¢, =10.0, u, =1.0) at cutoff
frequencies, (c) magnetic coated waveguide (¢,=1.0, p,=10.0) at
cutoff frequencies, and (d) coated waveguide at the high-frequency
limit.
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Fig. 4. Attenuation constants of the HE;; mode in a lossy magnetic
coated waveguide (¢, =1.0, p, =1.5— ;2.0).

sented will focus on coating configurations involving mag-
netic layers.

The attenuation properties of the two dominant low-
order modes for near-axial-incidence RCS, the HE,; and
EH,; modes, will be discussed for single- and double-layer
coating schemes. The interior uncoated region is taken to
be free space (e =€y, p=p,) in all cases. The transverse
field distributions for the two modes are shown in Fig. 3
for (a) empty guide, (b) lossless dielectric coated guide
near cutoff, (c) lossless magnetic coated guide near cutoff,
and (d) lossless coated guide in the high frequency limit.

A. Review of Single-Layer Coating Results

With a layer of lossy coating material, the low-order
modes of a circular waveguide become inner modes [9] as
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Fig. 5. Attenuation constants of the EH;; mode in a lossy magnetic
coated waveguide (¢, =1.0, p, =1.5— ;2.0).
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Fig. 6. Attenuation constants of the HE,, mode in a lossy magnetic
coated waveguide (¢, =1.0, p, =1.5— ;2.0).

a/\ increases. The field distribution for such modes is
confined mostly in the center region. The fields decay very
rapidly from the coating interface to the lossy layer, and
the attenuation constants are small. Figs. 4—6 show the
attenuation constants as a function of increasing frequency
for the HE;; and EH;, modes, as well as for the HE,,
mode, in a lossy magnetic (u,=1.5— j2.0) coated wave-
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Fig. 7. Normalized angle-averaged power distribution in W/A> as a
function of radial distance in a dielectric coated guide (¢, =10.0,
1, =1.0).
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Fig. 8. Attenuation constants of the HE;; mode in a double-layer
coated waveguide with an inner layer of lossy magnetic material
(¢,=10, p,=15-2.0) and an outer layer of lossless dielectric
material (¢, =10.0, p, =1.0). The thickness of the inner layer is fixed
while that for the outer layer 1s varied.

guide. As the frequency increase, the lossy material tends
to expel the fields from the coating region. The attenuation
constants decrease as a function of A% /a® for large fre-
quencies [9].

If the coating material is lossless, however, the modal
power distribution is largely concentrated in the coating
region. A layer of high dielectric constant tends to “pull”
the fields into the coating region as the frequency in-
creases. As shown in Fig. 7, although the dielectric layer
(e, =10.0) covers only 12 percent of the waveguide cross
section, 99 percent of the power is confined in the dielec-
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Fig. 9. Attenuation constants of the HE;; mode in a double-layer
coated waveguide with an inner layer of lossy magnetic material
(e,=10, p,=15- j2.0) and an outer layer of lossless dielectric
material (¢, =10.0, p, =1.0). The thickness of the outer layer is fixed
while that for the inner layer is varied.

tric layer. These results suggest that by using a double
layer of coating consisting of a lossy layer and a lossless
layer with a large permittivity, the high attenuation region
of some of the modes of the waveguide can be extended. A
high field concentration would be attracted by the lossless
dielectric layer into the coating region, and attenuated by
the lossy layer. In the following multilayered coating re-
sults, the lossless dielectric layer will have ¢,=10.0, and
the lossy magnetic layer will have p, =1.5— j2.0.

B. Multilayered Coating

Figs. 8 and 9 show the TE,, attenuation constant as a
function of increasing frequency for a lossless dielectric
layer sandwiched between the waveguide wall and a lossy
magnetic layer. Fig. 8 shows a family of curves for a fixed
thickness of lossy material and varying thicknesses of lossy
dielectric material. As the dielectric layer increases in
thickness, a greater amount of the field energy will be
concentrated in this layer. This also causes more of the
field to be within the lossy layer, resulting in greater
attenuation. Note that there is a significant increase in
both the level of attenuation and the frequency band of
high attenuation. In Fig. 9, the thickness of the lossy layer
is varied while the thickness of the lossless layer is in-
creased. If the lossy layer becomes too thick, the field
repulsion property of the lossless layer is dominant over
the field attraction property of the lossless layer. Fig. 10
reverses the lossless and the lossy layers so that the lossless
layer is towards the waveguide center. No significant in-



CHOU AND LEE: MODAL ATTENUATION

3 T ‘ T
S -
@
E TO=O-OIO
z 7:0030 €=10.0, 4L, =1.0
= - -
<
)
uZJ (T=0.020 "
—
= - —
<{

O 1 l | I ]

(0] { 2 3

a/\

Fig. 10. Attenuation constants of the HE;; mode in a double-layer
coated waveguide with an inner layer of lossless dielectric material
(¢,=10.0, p,=1.0) and an outer layer of lossy magnetic material
(¢,=1.0, p,=15~— j2.0). The thickness of the inner layer is fixed
while that for the outer layer is varied.

crease in attenuation is achieved with this configuration
for the TE,; mode.

Finally, Fig. 11 shows the EH,; attenuation constant as
a function of increasing frequency for the waveguide
wall-lossless layer—lossy layer geometry. The family of
curves represents a fixed thickness of the lossy layer and
varying thicknesses of the lossless layer. Again, there is a
significantly higher level of modal attenuation over a wider
frequency band for the multilayered case compared to that
of a single layer of the lossy coating case. Note that the
maximum value of the attenuation axis is now 100 dB/a
(a = radius of cylinder). It is interesting to observe that up
to a/A~ 2.0, a thicker lossless layer results in a higher
attenuation. But for a/A > 2.0, the 7=0.01a case results
in the highest attenuation. This geometry, though, is not an
effective coating for the HE,; mode (Fig. 8).

C. Radar Cross Section Reduction

The application of interest is the reduction of RCS of
coated cavity structures. In such applications, the actual
coating geometry must be optimized to effectively at-
tenuate all the highly excited modes. Detailed discussion of
the evaluation of the RCS from a coated waveguide can be
found in [14]. Fig. 12 shows the theoretical RCS calcula-
tions for a length of circular waveguide terminated with a
flat PEC plate. The diameter of the guide is 4A, and the
length is 10A. The three curves correspond to the RCS of
(i) an empty guide, (ii) a waveguide coated with a single
layer of lossy magnetic coating, and (iii) a multilayered
coated waveguide consisting of a lossless dielectric layer
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Fig. 11. Attenuation constants of the EH,; mode in a double-layer

coated waveguide with an inner layer of lossy magnetic material
(e,=1.0, p,=1.5—;j2.0) and an outer layer of lossless dielectric
material (¢, =10.0, g, =1.0). The thickness of the inner layer is fixed
while that for the outer layer is varied.
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Fig. 12. RCS’s of coated and uncoated circular cylinders with diameter
4X and depth 10A.

sandwiched between the waveguide wall and a lossy layer.
For the given size of the structure, the single layer coating
is not very effective in reducing the RCS. However, a
double layer coating results in a substantial reduction in
the RCS of the cavity at near-axial incidence. When the
angel of incidence of the incoming plane wave 8 = 20°, the
three curves approach a similar level. This is due to the
fact that the higher order modes are now more strongly
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excited, and the chosen coating geometry is not effective in
- attenuating these modes.

V. CONCLUSIONS

This paper studied modal attenuation in coated wave-
guide structures. An overview of the modal fields in a
coated circular waveguide was given. To avoid dealing
with excessively large matrices, a method was shown to
express the waveguide characteristic equation for any num-
ber of coating layers which involves only the manipulation
of 4 x4 matrices. This method was applied to study modal
attenuation in a multilayered coated waveguide.

The dominant contributors to the RCS of a PEC-
terminated waveguide at near-axial incidence are the low-
order modes. A thin single layer of lossy magnetic material
can greatly attenuate these modes, and thus reduce the
RCS of a waveguide cavity. However, this is only effective
over a narrow frequency band at low frequencies. With the
proper combination of lossless dielectric coating and lossy
magnetic coating, it was shown that a significantly higher
modal attenuation can be attained over a broader frequency
band for the HE,, and EH,, modes. For large off-axis
incidence, higher order modes come into importance. It
should be possible to reduce these modes over a broad
frequency band with the proper combination of three or
more layers of coating.
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